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Abstract. We investigate the spectral theory of the invariant Landau Hamiltonian 

acting on the space J~r,x °f (T, x) _au tomotphic functions on C™, constituted of C°° func- 
tions satisfying the functional equation 

/(* + 7) = xiiV^ m{zn) f{z); z G c", 7 e r, 

for given real number v > 0, lattice F of C" and a map x '■ F — » U(l) such that the triplet 
{y, r, x) satisfies a Riemann-Dirac quantization type condition. More precisely, we show 
that the eigenspace £f >x (A) = {/ G ^r, x ; L 1 '/ = i^(2A + n)/}; A G C, is nontrivial if and 
only if A = I = 0, 1, 2, • • ■ . In such case, £f X (Z) is a finite dimensional vector space whose 
the dimension is given explicitly by 

dim£?, x (l) = f n + J" 1 ) (^/7r) n vol(C n /r). 

Furthermore, we show that the eigenspace £"r. x (0) associated with the lowest Landau level 
of If is isomorphic to the space, Cr, x (C n ), of holomorphic functions on C" satisfying 

^ + T)=x(7)e |l7l2+ " M SW, W 
that we can realize also as the null space of the differential operator 

acting on C°° functions on C™ satisfying (*). 

1. Notation and statement of main result 

Let C n be the n-complex space endowed with its Hermitian form (z, w) = z\Wi + • • • + 
z n w n and let uj(z, w) = ^sm{z, w) be the associated symplectic form. For given fixed v > 0, 
we denote by L y the Landau Hamiltonian (called also twisted Laplacian [17j E]). It goes 
back to Landau and describes (for n = 1) a nonrelativistic quantum particle moving on 
the (x, y)-plane under the action of an external constant magnetic field of magnitude v. 
The operator \f is given explicitly in the complex coordinates (z±,Z2, ■ ■ ■ , z n ) = z by 

L " = -I J 4V -4- + 2vY(*j-£- ~ %^") " ^N' 1 (1-1) 

and is linked (T7J [18] to the sub-Laplacian 

a ^ 2 9- ( ® - d \ d I i2 
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on the Heisenberg group H e ™ = C" x R t through the Fourier transform in t. Such 
operator plays an important role in many different contexts such as Feynman path integral, 
oscillatory stochastic integral and theory of lattices electrons in uniform magnetic field (see 
Bellissard [3] and references therein). For what is the spectral properties, it is known that 
h u is a selfadjoint elliptic differential operator on L 2 (C n ; dm), the usual Hilbert space of 
square integrable functions on C n with respect to the Lebesgue measure dm. Its spectrum 
is purely discrete and given by the eigenvalues (Landau levels) 

v(2l + n), 1 = 0,1,2,- •• , (1.2) 

which occur with infinite multiplicities OEHIH]. Additonal spectral properties relevant 
for our purpose are recalled in Section 2. 

In this paper, we consider the action of the operator L y on some appropriate functional 
spaces. Let T be a full rank lattice of C n (i.e., a discrete subgroup of rank 2n of the additive 
group M? n = C n ) so that C n /T is compact, and x be a given map 

X :r^[/(l) = {AeC; |A| = 1}. 

To the given data (u, T, x), we then associate the space T% of C°° functions / on C n that 
satisfy the functional equation 

f{z + l) = x{l y^n) f{z) (L3) 

for all z G C n and 7 G T, as well as the space Op x (C n ) of holomorphic functions g on C, 
g G 0(C n ), satisfying the following functional equation 

g(z + i) = xh)e^ 2+u{z ^g(z) (1.4) 

for all z G C n and 7 G F. Then, it will be shown that the space % (or also Op^(C n )) 
is a nonzero complex vector space if and only if the triplet (u, T, x) satisfies the following 
(RDQ) condition 

X(7i + 72) = X(7l)x(7 2 )e^ (71 ' 72) (RDQ) 
for every 71,72 G T (see Proposition 13.11) . In this case and owing to the fact that the 
Landau Hamiltonian If leaves invariant the space ^r x (see Proposition 12.11) . we can 
consider its restriction to x that we shall denote by Lp and therefore consider the 
associated eigenvalue problem Lp / = z^(2A + n)f in x with A G C. Hence by £p (A) 
let denote the corresponding eigenspace, i.e., 

^ )X (A) = {/GJ^ )X ; UJ = u(2X + n)f}. (1.5) 

and let make for instance the following 

Definition 1.1. Assume (RDQ) to be satisfied by the triplet (v, T,x)- 

i) We call the space of (T, x)-automorphic functions on C n of magnitude v . 

ii) We call £p (A) the space of Landau (T,x)-automorphic functions of magnitude v 
at the level A. The particular one 

£Z, x (0):={f€J?, x ; K, x f = nuf}. (1.6) 

corresponding to A = is called the "fundamental space of (T \x)-9 roun d states". 

iii) We call Op x (C n ) the space of holomorphic (T \x)-automorphic functions of mag- 
nitude v or also (T,x)-theta functions on C n . 

The objective of the present paper is to investigate the spectral analysis of the involved 
eigenspaces £p x (A). Namely, the main result to which is aimed this paper is the following 

Main Theorem. Assume the (RDQ) condition to be satisfied by the triplet (z/, T, x) and 
let £p x (A) and x (C n ) be the functional spaces defined above. Then 

i) The eigenspace £p X (A) is a nonzero vector space if and only if X is a positive integer 
A = Z = 0,1,2, 
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ii) For every fixed positive integer I = 0, 1, 2, • • • , the space 

£rjl) = {/;/€ ^ )X , L£ >x / = v{% + n)/} 

is a finite dimensional vector space whose the dimension is given explicitly by the 
formula 

dim£f! x (0 = I^±|l(z,/vr)%o/(C"/r), (1.7) 

where T(x) is the usual gamma function and vol(C n /T) denotes the Lebesgue volume 
of a fundamental domain of the lattice T. 
hi) The fundamental space of (T ,x)- ground states, £p (0)^ is isomorphic to the space 

Or )X (C n ) with / i — y g = f from £f iX (0) onto 0£ x (C n ) as isomorphism map. 

For the establishment of our main result, we have make use of the explicit description 
of the spectral analysis of the operator L". The computation of the dimension of the 
eigenspaces £p (I) is done a la Selberg [THE]. I n fact, we determinate the traces of inte- 
gral operators associated with (r, x)-automorphic kernel functions obtained by averaging 
reproducing kernels of the free L 2 -eigenspaces of L". 

Remark 1.2. 

a) Owing to Proposition ^. 1\ the statement i) in the main theorem shows that the op- 
erator h u and its restriction Lp := L^|jr^ have the same spectrum (i.e., stability 
of the spectrum under perturbation by the lattice T). However, the degeneracy of 
the eigenvalues becomes finite. 

b) Note that the dimension of the space of Landau (T, x)-automorphic functions £p (I) 
is independent of the multiplier %. It can also be noted that all the eigenspaces have 
the same dimension when n = 1. While for n > 2 the dimension of the spaces 
£p (I) growths polynomially in I. Namely, we have 

dimfpyZ) ~ Cf 1 - 1 as I ^ +oo 

for certain constant C > 0. 

The outline of the paper is as follows. In Section 2, we collect and review some needed 
background on the spectral theory of the Landau Hamiltonian h u acting on the free Hilbert 
space L 2 (C n ; dm). Section 3 is devoted to give some basic properties of the spaces 
and Op x (C n ). Mainely, we prove the equivalence of the nontriviality of such spaces to 
the (RDQ) condition and moreover we explicit the expression of the reproducing kernel of 
Op x (C") as well as its dimension. In Section 4, we investigate some general properties of 
a class of (r, x)-automorphic kernel functions on C n x C n of magnitude v that are essential 
for our purpose. In Section 5, we present the proof of our main result. The latest section 
deals with some concluding remarks. 

We conclude this introduction by providing an example of triplet (v, T, x) satisfying the 
(RDQ) condition. For T being a lattice in C = M 2 , we denote by S r its cell area and we 
set v T = 7r/S r . Let x r ^ e the Weierstrass pseudo-character defined on T by Xr(7) = ^ 
7/2 € T and Xr(7) = — 1 otherwise [9, page 103]. Then, it can be shown that (z^ r ,r, x r ) 
satisfies (RDQ) and that we have dim£ T F x (I) = 1 for every I = 0, 1,2, •■■ . Moreover, 

one can build generator of each £^ r x (I) involving basically the modified Weierstrass sigma 
function. 

2. Background on spectral theory of the operator ~h u 

We begin with an invariance property of the Landau Hamiltonian If . For this, let G = 
U (n) x C n be the solvable semidirect product of the unitary group U (n) with the additive 
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group (C n ,+). Such group is also realized as 

G=L=( a Q \ aeU(n), beC n \. 

and acts transitively on C n by the holomorphic mappings z i — > g.z := az + b, which can 
be extended to L 2 (C n ; dm) by considering 

lT»f](z):=Ug,z)f(g.z), (2.1) 

where the involved factor j u (g, z) is given by 

j u (g,z)=e i ^- 1 -°\ (2.2) 

We then assert 

Proposition 2.1. 

i) For every gi,g2 S G, we have the chain rule 

U9i92,z) = e^ 1 ^ju{9i,g2.z)U92,z). (2.3) 

ii) The transformation T v defines a projective representation of the group G on the 
Hilbert space L 2 (C n ; dm). That is 

a) It is a unitary transformation on L 2 (C n ; dm) for every g E G. 

b) For all g x ,g 2 G G, we have T£ fla = e^Csi^)^ where fhe phase j actor 

is given here by 4>u(§i,g2) = vu)(g^ 1 S,g 2 -0). 

c) The map g i— > Tg f from G into L 2 (C"; dm) is a continuous map for every 
fixed f e L 2 (C n ;dm). 

iii) The Landau Hamiltonian If is T v -invariant in the sense that for every g € G we 
have Tglf = ISTg . 

The proof of such proposition can be handled by straightforward computation. For iii), 
one can also refer to [5] for an intrinsic different approach. 

Additional needed spectral properties of If are summarized in the following 
Proposition 2.2. 

i) For fixed A € C, the space of radial functions f solution of If f = u(2X + n)f is 
one dimensional, and it is generated by 

Vx(z)=e-^\F 1 (-\;n;is\z\ 2 ), (2.4) 

where iF\(a; c; x) = 1 + ^-jj + ^fepjj §r + • • • is the usual confluent hypergeometric 
function. 

ii) The function <p\ given by \2.J$ is bounded if and only if X is a positive integer I; 
I = 0,1,2,- •• . 

iii) The spectrum of If acting on L 2 (C n ;dm) is discrete and given by the so-called 
Landau levels u(2l + n); I = 0, 1,2, ••• , where each eigenvalue occurs with infi- 
nite multiplicity. Furthermore, we have the following orthogonal decomposition in 
Hilbertian subspaces 

oo 

L 2 (£ n ;dm) = 0^(C n ) (2.5) 

1=0 

where Af u (C n ) = {f; feL 2 (C n ;dm) and Iff = u(2l + n)/}. 

iv) The L 2 -eigenprojector kernel of the L? -eigenspace jS' u {C n ) is given explicitly by 
the following closed formula 

mz,w)=e^^QU\z-w\), (2.6) 
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where we have set 

QUI* ~ H) = ^"'ViH; n; v\z - w\ 2 ), 

and then satisfies the following "G-invariance property " 

K![(z,w) = e iuu '^' 9 ~ 1 ^mg.z,g.w)e- i,/u)( - w ' 9 ^^ (2.7) 
for every g G G and z,w G C n . 

Proof. To check the statement i), we write h u in polar coordinates z = r0; r > and in 
the (2n — 1) -dimensional unit sphere S 2n , 

Q" 2 2n — 1 d 1 

-2L V = — J + tt" + -j Agan-i + 2i/(L fl - L ) - zA 2 , 

<9r t ar r z 

where A S 2n-i denotes the Laplace-Beltrami operator on S 2n ^ 1 and Lq is the tangential 

n 

component of the complex Euler operator E = ^ ^j^ - = i^+^e- So that the differential 

equation IT 7 / = z^(2A + n)/, for radial solutions 0(r), reduces to the following 

d 2 6 2n — 1 dd> 9 9 , 

— £ + -- - v 2 r 2 <j) + 2u(2X + n)6 = 0. 

dr r dr 



Next, making use of the appropriate change of function 4>{r) = e~ x l 2 y{x) with x = ur 2 , 
we see that the previous equation leads to the following ordinary differential equation [TTJ 
page 193] 

xy + (n — x)y + Xy = 
whose regular solution at x = is the confluent hypergeometric function i-Fi(— A; n; x). 

The assertion ii) is clear for A = 0. For A ^ 0, we use the asymptotic behavior of the 
confluent hypergeometric function given by [IH page 332] 

iftfa; c; x) = T(c) A-^— + (l + O(-) 

[ 1 (c — a J 1 (a) J V x 

asu +oo. Hence for a = —A, c = n and x = in above, we obtain 

lim e-%W\F 1 (-\;n;v\z\ 2 )= lim ^L( v \ z f)-^+X) e u\z\\ 

z|^+oo |z|^+oo 1 ( — A J 

From which, we conclude that ip\ is bounded if and only if A = 1, 2, • • • . 

The result in iii) is well known and the reader can refer for example to [2]. While the 
proof of iv) is contained in [5] and can be handled in a similar way as in [T]. □ 

In the next section, we study some basic properties of the space of (r, x)-automorphic 
functions that the Landau Hamiltonian h u will act on. 

3. Basic properties of the space Ffi and associated spaces 

Recall that for given data v > 0, T a lattice of M. 2n = C n of rank 2n and % a mapping 
from T to the unit circle {A G C; |A| = 1} = £7(1), we have associated the functional space 

^ jX = {/eC°°(0; f{z + 1 ) = X {l)e w ^ ) f{z)). (3.1) 

The following proposition gives sufficient and necessary condition on the triplet (u, T, x) 
in order that J~r tX is a nonzero space. Namely, we have 

Proposition 3.1. The complex vector space x is a nonzero space if and only if the 
triplet (y, T, \) satisfies the following condition 

X(7i + 72) = X(li)x(l2)e w ^^ (RDQ) 
for every 71,72 G T. In this case J~y x * s an infinite dimensional complex vector space. 
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Remark 3.2. Under the (RDQ) condition, the map x satisfies the following properties: 

X(0) = 1 and X(-7)=X(7)- (3-2) 

Also, by interchanging the roles of 71 and 72 in (RDQ) and using the fact that the sym- 
plectic form uj(-,-) is antisymmetric, we have necessarily 

^ a; (71, 72) G vrZ (3.3) 

for every 71,72 G T. 

Remark 3.3. The (RDQ) condition is equivalent to that the complex valued function J u>x 
defined on T x C n by J VjX (i,z) := x(l) e%vu<yZ ~^ * s an automorphy factor satisfying the 
cocycle identity, 

Ju, x {ll + 72, Z) = Ju, x (ll,Z + 72) J„, x (72, «)• 

Therefore (j)j(z;v) := (z + 7; x(7)e iW ^' 7 ) .t>) defines an action of T on C n x C and i/ie 
associated quotient space (C n x C)/T is a /ine bundle over the torus C n /T with fiber C = 
T ([2]), where the projection map r : (C n x C)/r — > C n /T is the natural one induced 
from the canonical projection ir : C n — ► C n /T. Thus, one can regard the space J~y x as the 
space of C°° sections of the above line bundle over the complex torus C n /T and therefore 
x is of infinite dimension. 

Remark 3.4. The abbreviation (RDQ) is used to refer to "Riemann-Dirac Quantiza- 
tion" condition. Indeed, the pair (H,E), with H(z,w) := (v/ir){z,w) and E(z,w) : = 
QmH (z , w) , satisfies the Riemann condition [3 [14], and then the considered complex torus 
is an abelian variety. Also, the condition 13. 3]) is that called in Quantum Mechanics Dirac 
quantization. 

Proof of Proposition WJ\. The proof of "only if" follows by assuming that is nontrivial 
space and next by computing f(z + 71 + 72) in two manners, for a given nonzero function 
/ G x - Indeed, we have 

f(z + 71 + 72) = x(7i + l2)e lu ^ +ri) f(z) (3.4) 

and also 

f(z + 71 + 72) = f([z + 71] + 72) = x(l2)e lu ^ z+ ^ ] f(z + 71) 

= X(7i)x(72)e^ (7l ' 72) e— ^ + ^f(z). (3.5) 

Next, by equating the right hand sides of (13. 4h and (|3.5I) and using the fact that / is not 
identically zero, we conclude that 

X(7i + 72) = x(7iM72)e 4 ^^ (RDQ) 

for all 71, 72 G T. 

For the converse, we may use Remark 13.31 But for readers whom are not familiar 
to such language a direct proof can be given. In fact by classical analysis, one can pick 
any arbitrary non zero C°° function tp on C n such that Supp^ C A(r), where A(r) is a 
fundamental domain of T in C n . Then we can use the following lemma to show that the 
space is a nonzero space and it is of infinite dimension. 

Lemma 3.5. Suppose that the condition (RDQ) holds. Let ifj be a compactly supported 
C°° function such that Suppip C A(T), and denote by tp ^ e (X \x)~P e ™dization (a la 
Poincare) of tp given by 

W, x *P](z) = ExWe-^^ + 7) 
7er 
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or equivalently (in view of Remark \3.£ty by 

Then, we have 

i) The function x ^ * s a nonzero C°° function on C". 

«J The function x ip belongs to the space 3~r tX - □ 

Proof of Lemma \3.5l i) By construction the Poincare series [P^ (z) is well denned as 
C°° function on C n . Furthermore, since T is discrete, Suppip C A(T) and x(0) = 1, it is 
easy to see that for every z G Suppip, we have 

ii) For every 7 G T and z £ C, we have 

\V v v,M z + 7) = E x{h)e^ z+ ^ h H([z + 1 ]-h) 
her 

h =^+k ^2 x ( 7 + fc) e W*+7,7+*ty( z - k). 
fcer 

Therefore, using the (RDQ) condition x{l + k) = x{l)xik)e WU} ^ t ' k \ we get 
[P^ x tp](z + 7) = x(7)e im(2 ' 7) ^x(l:)e 2ira (^)e ,w ( 2 '^(z - k) 

Next, since k) G vrZ for all 7, k G T, it follows that e 2 ^ (7,fc) = 1 and thus 

\n, x ^ + l) = x(7)e iM(2 ^x(fc)e im(z ^(z - k) 

= x(7)e -( 2 ,7)[^^ ](z) . 

The proof of Lemma [331 is finished. □ 

Now noting that for every /1, /2 G .7-p the product function fi(z)f<2(z) is a T-periodic 
on C n , then J C n/ r /l(z) fa(z)dm(z) makes sense, and therefore we can equip x with the 
inner scalar product, to wit 

{h,h) v := ! h(z)J 2 {z)dm{z) = [ f 1 (z)T 2 (z)dm(z), (3.6) 
Jc n /r ^A(r) 

where A(r) is any given fundamental domain of the lattice T. We denote by L^ v the 
completion of v with respect to the norm 

l/lr = ^(/,/) r ; /e^? jX . 

Remark 3.6. The Hilbert space L^! u can be characterized as the space of all measurable 
functions on C n that are square integrable on A(r) with respect to the Lebesgue measure 
dm and satisfying the functional equation 

f(z+ 7 ) = x (jy™^f(z) 

for almost every z G C n and every 7 G T. 

In parallel to •^ 7 f x , we can consider the functional space 

G^ x = {g G C°°(C n ); g(z + 7 ) = x( 7 )e^ 2 +^(z) }. (3.7) 
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endowed with the norm || • ||r associated with the Hermitian scalar product 

((<7i,22» r = / gi{z)gl{z)e- u \ z \ 2 dm{z), (3.8) 
Jc n /r 

Then, we verify that ( J 7 ^ , | • |r) and (£/p x ,|| ■ ||r) are isometric pre-Hilbertian spaces 
through the mapping 

/ G 7£ tX 0/ € g? )X ; [$/](*) = ef ^ f(z). (3.9) 

Thus the Landau Hamiltonian Lp acting on .Fp gives rise to the following second order 
differential operator Ap acting on by means of 

(e-^'g) (3.10) 
for every 5 £ £p . More precisely, we have 

Therefore, describing the spectral analysis of Lp on .Fp is equivalent to do it for Ap 
on the functional space . 

Below, we will focus on the natural subspace 0p x (C n ) of <?r x , consisting of holomor- 
phic functions on C n , g G C(C ra ), satisfying the functional equation 

« 7 ( z + 7 ) = x ( 7 ) e |H 2 +^,7> 5(z) 

for every z E C n and every 7 € T, i.e., 

OpyC") = [g G 0(C"); g(z + 7) = x( 7 )e^l 2+ "<^>fl(z) }■ (3.12) 

Then, according to the isometry QV, = , one concludes easily from Proposition 13.11 
that {RDQ) is a necessarily condition to Op x (C n ) be nontrivial subspace of . This 
can be handled directly as in Proposition 13.11 But for the converse, i.e., (RDQ) implies 
Op x (C") 7^ {0}, one has to proceed differently since we do not dispose with holomorphic 
functions with compact support. For this let consider the function K^ x (z,w) defined on 
C n x C n by the convergent series in C°°(C n x C n ) 

K^ x (z,w) : = (-) V<*> to > ^ x ( 7 ) e -§M 2 +^>7>-W). (3 _ 13) 

Then, we state 

Theorem 3.7. Suppose that the condition (RDQ) is satisfied and let K!f x (z,w) be the 
function defined by i3.13\) . Then 

i) For every z,w G C n , we have K!f x (z, w) = (w, z) . 

ii) For every 71,72 £ T and z,w € C n , we have 

K{Jz + 71, w + 72) = x(7i)e^ l|2 +^^i^ x (z, ^)^e^l 2 +-<^>. (3.14) 

in particular the function z 1 — > K^ x (z,w) belongs to Op x (C n ) for every fixed 
w(£C n . 

iii) For vol(C n /T) denoting the Lebesgue volume of a fundamental domain of the lattice 
T, we have 

[ K£ Jz, z)e~ v \ z \ 2 dm(z) = (v / 'ir) n vol(C n /T) . 
Ja{T) ' x 



A r, x S 
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iv) For every g € Op x (C n ) ; we have 

g(z) = [ K!fjz,w)g(w)e-^ 2 dm(w). 
Ja(t) 

Proof, i) is easy to check. Indeed we use the fact that x(t) = x(~ 7)> f° r the (RDQ) 
condition being satisfied, and next the change —7 by 7 in the involved summation (|3.13p . 
For the assertion ii), one gets from (|3.13p that 

yer 

Next, by making the change 7" = 7' — 7 and using the (RDQ) condition, it follows 

K£jz + 7,w) = X (7)^ l7|2+ ^' 7> i^, x (^); 7 e r. 

Hence we obtain ()3.14p thanks to i). Therefore, the function K^ x (z,w) belongs to 
0p x (C") for being holomorphic function. 

For iii), we make use of (|3.13l) again, to get 

f Ky Jz, z)e~" ]z]2 dm(z) = (v/ir) n V x(l)e~^ 1? ( I e 2iuu) ^ ] 'dm(z) 
Ja(t) ' \Jk{t) 

Now, since the condition (RDQ) is satisfied, we see that the function z 1— > ^ ivw \ z -ri) [ s 
T-periodic for every fixed 7 € T and therefore Sy, 7 € T, where S 1 (z) := e 2%UUJ ^ zn \ define 
a group character on C n /F. Hence, we have (see [U page 3480], but a direct proof is 
presented hereafter): 

Lemma 3.8. Assume that the (RDQ) condition is verified. Then, for every 7 € T \ {0}, 
we have 

I e 2iu ^ w '^dm(w) = 0. (3.15) 
JA(T) 

Thus, it follows 

/ K{ x (z,z)e-^ 2 dm(z) = (z,/vr)« X (0)vol(A(r)) = (i0r)"vol(A(T)). 
JA(F) 

The proof of iv) relies essentially on the following 

Lemma 3.9. For any given holomorphic function g £ 0(C n ) satisfying the growth condi- 
tion \g(z)\ < Cea' 2 ' ; we have the following reproducing formula 

g (z) = (vjitf [ e' /{z ' w) g(w)e-^ 2 dm(w). (3.16) 

Then, since for every g € Op (C n ), there exists certain constant C > such that \g(z)\ < 

v I |2 

Ce~2> z i , one can apply (I3.16P to have 

g (z) = (y/ir) n [ e u ^g(w)e- u \ w \ 2 dm(w). 

Next, by writing C n as disjoint union of 7 + A(r), for varying 7 G T and using the fact 
that the function g satisfies the functional equation 

g(w + 1 )=x(l)e^ + ^^g(w), 
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we get 

g( z ) = (u/Tr) n V / e^'^ g(w + ^e-^+^dmiw) 



Finally by definition of K!f x (z,w) given by (|3.13p . we conclude that 

g(z)= [ K^Jz,w)g{w)e- u \ w \ 2 dm{w). □ 
Ja(t) '* 

Proof of Lemma HOI Fix 7 G V such that 7 / and note that z — > u;(2, 7) is a nonzero 
function on a given fundamental domain A(r). Let 1*1,1*2, • • • , ^2n G T be a basis of A(r). 
For every fixed z G A(r), we write z = t\U\ + £2^2 + • • • + ^2n^2n with i,- G [0, 1]. By the 
G-invariance of dm, we get 

2n -i 

e*M*>7) rfm (^ = w /(A(r)) TT / e 2ivt ^^dtj 

j=l Jo 



A(T) 



2n „! 

urf(A(r)) ] [ / e 2iut ^'^dU 

1 •/ 



j = 1 



f e 2ivu>(uj ,i) _ 1 



In 



But, since e 2 "^( u j>7) = 1 f or the triplet (u,T,x) satisfying the (RDQ) condition, we get 

e 2iuu{z ^dm{z) =0. □ 

A(T) 

Proof of Lemma \3.9\ Let 5 G C(C n ) such that < Cea' 2 ' 2 and consider the function 

g e (z) := g(sz); z G C n , for every given e; < e < 1. Then, clearly g £ is holomorphic and 
satisfies |flfe(z)| < Ce^ £ 2 . Furthermore, we have 

g £ (z)\ 2 e- u ^ 2 dm(z) < C 2 f e -"d-e 2 )kl : 1 d m{z) < +00 
and therefore g £ belongs to the Bargmann-Fock space B 2 ' u (C n ) on C n , 

B 2 ."(C n ) = L G C(C n ); ^ \g{z)\ 2 e^ 2 dm{z) < +00J. (3.17) 
Hence, for every e with < s < 1, we have 

= (^/vr)" / e^g £ (w)e~^ 2 dm(w). 
Finally by tending e to 1 and applying the dominated convergence theorem, we get 

g (z) = (v/ir) n [ e u ^g{w)e- u \ w \ 2 dm{w). □ 



As consequence of the previous theorem, we state the following result for the space 
Op x (C n ) endowed with the norm || • ||r associated with (13.81) . 

Corollary 3.10. Let the condition (RDQ) to be satisfied. Then 
i) Op (C n ) is a nonzero space. 
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ii) Of (C n ) is a reproducing Hilbert space whose the reproducing kernel is given by 

i.e., 

K^ x (z,w) : = (-) V<*> to > ^ x ( 7 ) e -§M 2 +^>7>-K^). (3 _ 18) 

iii) Of x (C n ) is a finite dimensional space whose dimension is 

dim0fyC n ) = (v/ir) n vol(A(T)). 

Proof. For i), we see from iii) of Theorem 13.71 that Kf (z, w) is a non vanishing function 
on C n x C™. Hence Kf x (zq,wq) 7^ for some (zo,wo) € C n x C n . Therefore the function 
z 1 — > ifp (z, i«o) is a nonzero function that belongs to Op x (C ra ) by ii) of Theorem 13.71 

To prove ii), we apply the Cauchy-Schwartz inequality to iv) of Theorem 13.71 Thus, 
we see that for every g £ Of x (C n ), we have 

\g(z)\ < ( [ \K!fJz,w)\ 2 e-^ 2 dm(w)) 1/2 \\g\\ r . (3.19) 
v Ja(t) ' 

Then for any given bounded domain f2 C C n , we get 

W)\ <C n |b||r, z (3.20) 

for certain constant Cq. Therefore, any Cauchy sequence gj in Of x (C n ) for the norm 
|| • ||r, is also a uniformly Cauchy sequence on any compact set of C n and then converges 
to a holomorphic function g on C n . Next, since all gj satisfies the functional equation 

9 3 {z + l)=x{l)e^ 2+u{z ^9 3 {z\ 

it follows that g belongs to Of x {C n ). 

This shows that the nonzero space Of x (C n ) is in fact a Hilbert space for the norm 
|| • ||r- Furthermore, the use of (13.201) infers that the evaluation map 6 Z : Of x (C n ) — ► C 
given by 5 z g := g(z), is continuous for every fixed z G C n . Hence Of x (C n ) possesses a 
unique reproducing kernel function Kf x (z, w). But in view of Theorem 3.7 [mainly i), 
ii) and iv)], we deduce that Kf x (z, w) is exactly the function Kf x (z,w) given through 

d53gp . 

The dimension of the Hilbert space Of x (C n ) can be calculated by integrating its re- 
producing kernel K£ (z, w) along the diagonal, that is 

dimOfJC n ) = / Kf (z,z)e- U ^ 2 dm(z). 
JA(r) ' x 

Whence, in light of ii) of Theorem 13.71 it follows 

dimC^ x (C n ) = (i//vr) n vol(A(r)) 

and hence the proof of the theorem is completed. □ 

Remark 3.11. The space Of x (C n ) is of interest in itself for it linked in somehow to the 
classical Bargmann-Fock space B 2 ' u (C n ). Indeed, according to the explicit expression 113.13]) . 
the reproducing kernel Kf of the space Of (C n ) appears then as (T,x)-periodization, with 

respect to the automorphy factor x(7) e ^' 7 ' +v ^ w,1 \ of the reproducing kernel (y /7r) n e^^' 7 ^ 
of the Bargmann-Fock space B 2 >"(C n ) I3~T1\) . 

In the following table, we summarize some basic properties related to the spaces ^ , 
Gf x and Of JC n ). 
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Related items to x 




Related items to Qr 


Automorphy factor 








Functional equation 


f{z + l) = x{l)e l ^ { ^ ) f(z) 




*3 V // A. V ' / cf \ J 


frrowtVi condition 


\m\<c 




\a(z)\ < Ce^l z l" 


Natural subspaces 




? 




o?, Y (c n ) 


Dimension formulas 






dimO^ y (C") 


Scalar product 


(A) /2/r 




({9i,92)) T 


Hilbert structure 


7-2,1/ ('^r 




5 r,y = Sr.* 


Differential operator 








Particular Eigenspaces 


ker(L^ - nv) = £* y (0) 




kcr A^ v 


Dimension Formulas 


dim££ x (0) ]_ 






dim ker A r ? 



Remark 3.12. The answers to the three question marks in the above table are included in 
the main theorem, and Hi) of Corollaru \3.10l In fact, the space © _1 [0 r ' x (C n )] represents 
in the picture the eigenspace of Lp associated with its lowest eigenvalue. Thus 

0^ x (C n ) _1 [Of; >x (C n )] = ££ iX (0) = ker A^. 
4. General properties of the (r, x)-automorphic kernel functions of 

MAGNITUDE V > 

Here we reconsider the action of the semi-direct group G = U (n) x C" on L 2 (C n ; dm) 
given through the unitary transformations (12,1(1 . [T£ f](z) := j v (g, z)f(g.z), where j v (g,z) 

_ ^ivu)(z,g~ l .0) 

Definition 4.1. ^4 </«t;en C°° function K(z,w) on C n x C n vis said 6e G-invariant if it 
verifies the following property 

JC(g.z,g.w) = j v (g,z)lC(z,w)j u (g,w). (4.1) 

Thus, one can see that a given kernel function IC(z, w) on C n x C n is G-invariant if and 
only if it is of the form 

K(z, w) = e iuw{z ' w) Q v (\z - w\) (4.2) 
for certain function Q v defined on the positive real line. Throughout this section, we 
will suppose that the involved Q u is rapidly decreasing function on [0, +00) and that the 
(RDQ) condition is satisfied. Thus, we define JCy to be the function on C n x C n given 
by the following convergent series 

ICfJz, w) = e i " w <*' w > x(l)e wuj{z+w ^Q u (\z -w- 7 \). (4.3) 

The function /Cp (z, w) is in fact the (T, x)-periodization (a la Poincare) of the appropriate 
function K, z (w) := K.(z,w) and can be rewritten in the following variant forms 

WJz,w) = J2x(l)T^[!C z ](w) (4.4) 

= ^2x(7)Tl,llC(t,w)]\t =z (4.5) 
7Gr 

Therefore, using the (RDQ) condition, it can be shown that fC^ (z, w) satisfies the fol- 
lowing T-bi-invariant property 

^r, x ( z + l,w + Y) = x{l)3v(j, z)Kt, x ( z > w )x(i)jv(l\ w) (4.6) 
for every 7,7' £ T, and in particular it is T-invariant. Moreover, we have JC^ (z,w) = 

*■ 'X. 

]C£ x (w,z) if and only if the function Q v is assumed to be, in addition, a real valued 
function. 
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Definition 4.2. We call ICf (z,w), given by the (T,x)-automorphic kernel function 

on C n x C n of magnitude v > associated with the G-invariant kernel function KZ(z,w). 

Now, let denote by K the integral operator acting on the Hilbert space L 2 (C n ;dm) by 
K((p)](z)= f lC(z,w)ip(w)dm(w) (4.7) 
e iMz,w) Q u^ z _ w \)^ w )dm( w ) (4.8) 



which is well defined for Q v being assumed to be a rapidly decreasing function. Also, 
let denote by K r the integral operator associated with the (r, x)-automorphic kernel 

function /Cp x and acting on the Hilbert space Lp' v by 

KpJV)! (z) = f K%Jz,w)1>(w)dm(w),. (4.9) 



/A(r) 

At once, since Q u is rapidly decreasing, we show that the integral operator Kp is of 
trace. More precisely, we have the following result (whose the proof is exactly the same as 
the one provided for ii) of Theorem 13.7ft . 

Proposition 4.3. Under the (RDQ) condition and the assumption that Q u is rapidly 
decreasing, the trace of the integral operator K r can be given by 

Trace(K r y ) = / 1C T Jz, z)dm(z) = Q"(0)vol(A(r)). (4.10) 

As immediate consequence, we have 

Corollary 4.4. If the function Q v verifies Q u (0) ^ 0, then there exists wq G C™ such that 
the function z i — ► /Cp (z, wq) is nonzero function on C n . 

The relationship between K and K r is given by the following 

Lemma 4.5. For every tp G Jp x , we /lawe 

[K(t/>)](z) := / K,(z,w)tp(w)dm(w) = / /C r (z,w)ip(w)dm(w) 
JC n J AID 



which means that Ki = K r . 



Proof. Writing C n as disjoint union of 7 + A(T), 7 G T, and using the fact that the 
Lebesgue measure dm is G-invariant as well as that any arbitrary function tp in ^p iX 

satisfies tp{w + 7) = x{l)3v{li w)ip(w) for every 7 G T and every u; G C n . □ 

The above property allows K r to inherit some useful properties of K. For instance, 
we have the following commutations: 

Proposition 4.6. 



i) For every g G G, we have T^K = 



ii) For every 7 G T, we have TifK r = K r T? 



7 r,x r,x^7 ' 

iii) The Landau Hamiltonian h u commutes with both integral operators K and Kp x , 
i.e., 

h u K = Kh u and L v K r>x = K^L". (4.11) 

Proof, i) is easy to check. Indeed, using the invariance property (|4.ip that we can rewrite 
also as 



j„(g,z)K.(g.z,w) = JC(z,g 1 .w)j u (g l ,w), (4.12) 
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it follows that 



T s 1%)](^ / K(z,g~\w)j u (g-\wMw)dm(w). 
Next, by making use of the change w' = g~ l .w, we conclude that 

TZ[K(<p)](z) = ! K(g,w')[T^ v )]{w')dm{w ! ) = K[l% (<p)](z) 



ii) is an immediate consequence of Lemma l4.5l combined with i) above, keeping in mind 
the fact that T"ip belongs to T£ v lii^ ^ ?rv 

For iii), we begin by noting that if we use the notation to mean that the derivation 
is taken w.r.t. the complex variable u, then we have 

V K K(z, w) = h~ v }C(z, w). (4.13) 

Put /Co(£) := /C(£, 0). Hence in view of the fact that for every g z ,g w £G such that g z .z = 
and g w .w = 0, we have 

K{zM = [Tl{ic (0)]k= z = [r-"(JCo(0)]k=», (4-14) 

together with the fact that lf z and Tg w commute, we get 

The last equality follows from the facts that £ — > /Co(£) is radial and the operators Lr^ 
and have the same radial parts. Next, using the observation 

\T v 9 M{z) = [T-"<p](w), 
for any radial function <p, we conclude 

Therefore, it follows 



L"[K/](z)=/ \L- v JC(z,w)]f(w)dm(w) 

for every C°° compactly supported function /. Finally, integration by parts yields 

V\Kf\{z) =K\L" f\(z). 

The commutation L^Kp = K r ^L 1 ' follows easily from the previous one using Lemma 
S3] together with observation that L u f G J% for / G J^ ^. □ 

Remark 4.7. can 6e shown that integral operators K satisfying the commutation rule 
Tg~K = KIJ are those whose kernel function fC(z, w) is G-invariant and so is of the form 

K(z, w) = e iu ^ z ' w) Q u (\z - w\). (4.15) 

To state the next result, let g € G and denote by A g the averaging operator acting on 
L 2 (C n ;dm)by 



[A s (V)](z) := / (z)dk, (4.16) 

JU{n) 1 1 

where dk is the normalized Haar measure of U{n). Then, we state 

Proposition 4.8. The integral operator K associated with the G-invariant kernel function 
fC commutes with the averaging operator A g as defined in j4-16\ ). That is for every g G G 
and every ip G L 2 (C n ; dm) , we have 

A g [K^)](z)=K[A g ^)}(z). (4.17) 
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Proof. By definition, we have 

A s [K(^)](z) = / T^[K(^)}(z)dk. 

JU(n) 

Next, by applying i) of Proposition 14.61 it follows 



A 9 [K(f)](z) = / K[T^)](z)dk 

JU(n) 



U(n) 

[ K(z,w)[T^)](w)dm(w)dk. 

U(n) JC n 

JC(z,w)( [ [T^)](w)dk)dm( W ) 

C" V JU(n) J 

fC(z, w)[A g (ip)](w)dm(w) 
= K[A fl ty)](z). 

□ 

Therefore, one can establish the following properties of the above averaging operator A g . 
Namely, we have 

Proposition 4.9. Let ip G L 2 (C n ;dm) and A g (ip) its averaging as defined by Hfy for- 
given g G G. Then, 

i) A g tp is a radial function for every g G G. 

ii) If ip is bounded, then A g ip is bounded for every g €. G. 

iii) The averaging operator A g commutes with the Hamiltonian IS . 

iv) If ip is a bounded nonzero solution of the differential equation h u tp = v{2\ + n)ip, 
then A = I for some I = 0, 1, 2, • • • ; and we have 

[A ao ^)=Ce-^\\F l {-l-n;v\z\ 2 ) 

for some nonzero constant C and certain go G G. 

Proof. To prove i) let h G U(n). Then 

[A,(^)](M™/ [T v gk m{h-z)dk= f j v (gk,h.z)^(gkh.z)dk 

JU(n) JU(n) 

Next, making use of the fact j u (gk, h.z) = j u (gkh, z) for h, k G U(n), the change k' = kh G 
U (n) and the U (n)-invariance of the Haar measure dk yield 



[A g (^)](h.z) = / j u (gkh,z)i;(gkh.z)dk 

JU{n) 

= / ju(gk' , z)ip(gk' .z)dk 

JU(n) 

and therefore A g (ip) is radial. 

The assertion ii) on the boundedness of A g (ip) follows easily from the boundedness of 
the function ip keeping in mind that U(n) is compact. 

The proof of iii) relies essentially to the fact that the Landau Hamiltonian h u commutes 
with the transformations T g ; see Proposition 12.11 

For iv), let note first from the assumption that ip is a nonzero function on C n , there is 
zq G C n such that ip(zo) ^ and then one can choose go G G such that go .0 = zo (such 
go exists since the action of G on C n is transitive). Hence using the fact that fc.O = for 
every k G U(n), it follows 

[A so (^)](0)=VQ?o-0)= ^0o)^0, 
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and therefore A go (tp) is a nonzero function on C n . Now, the assertion in iv) follows by 
combining i), ii), hi) above and i) and ii) of Proposition 12,21 □ 

Thus, making use of the obtained properties of the operators A g and Kp x , we show 
the following 

Theorem 4.10 (Selberg transform). Let h be a given L^^-eigenvalue of the integral op- 
erator Kp^, Then, there exists a positive integer j such that 

h(fj(z)= f e iuuj( - z ^Q u (\z -w\)<pj(w)dm(w), (4.18) 

where (pj{z) := e~2 \ Z \ 2 1 F 1 (— j; n; v\z\ 2 ). In particular 

h= f Q u {\w\) 1 F 1 (-j-n;v\w\ 2 )e-^ 2 dm(w). (4.19) 

Proof. Since the operators K r and Lp commute (see hi) of Proposition I4.6p . there is 
a basis of the Hilbert space Lp' ^ constituted of common eigenfunctions of both K r x and 
Lp = L, u . Hence, for h being a given Lp'^-eigenvalue of the integral operator K r there 
exists A £ C and a nonzero function € Lp'^. such that 

K^a) = h,J> x (4.20) 

and 

I/(VM = v{2\ + n)^ x . (4.21) 

Hence, by taking the average of the involved functions in both sides of (I4.20P and using 
Proposition 14.81 we deduce 

h[A go ^ x )](z) = A S0 [K riX (V>A)](2) = A So [K(^a)](*) = K[A g M](z) 
where go is certain element of G such that Tpx(go.O) ^ 0. Hence, we have 

h[A go (^ x )](z) = [ e^^Q%\z-w\)[A go (^)]{w)dm(w). 

In the other hand it follows from iv) of Proposition 14.91 that A = j for certain positive 
integer j and that A go (ip\) is proportional to the radial solution tpj of the differential 
equation Ifcj) = u(2j + n)</>, i.e., 

[A go (^)](w) = C Vj (w) := Ce-^\F 1 (-j;n;u\w\ 2 ) 
with C = [A go (ipj)](0) = ipj(gQ.O) ^ 0. Therefore, we obtain 

hi Pj (z)= I e ilAjj{z ' w) Q u (\z-w\)ip j (w)dm{w). 

In particular, we get the expression of h as asserted in (|4.19l) when taking z = 0, This 
completes the proof of Theorem 14.101 □ 

5. Proof of main result. 

First let recall that, under the (RDQ) condition, the space J-j, can be identified to 
the space of C°° sections of an appropriate line bundle A, i7iX over the compact manifold 
C n /r = A(r) (see Remark 3.6). Hence, it is a standard fact [6] that the self-adjoint elliptic 
differential operator Lp has discrete spectrum Sp(UpJ), constituted of an increasing 
sequence of eigenvalues tending to +oo and occuring with finite degeneracy. Furthermore, 
we have the following orthogonal decomposition 

L Z= © ^, X (A) (5.1) 
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with n(X) = u(2X + n) and where X (A); A € C, are the eigenspaces 

^r, x (A) = {f€ ^, x ; L?, x / = »/(2A + n)f}. 

Thus the main result of this paper concerns the concrete description of the orthogonal 
decomposition (15,11) , Mainly, we determine the spectrum of the Landau Laplacian L r 

when acting on L^f and we show that the eigenspaces £p x (A) corresponding to A = I = 
0,1,2,- •• , are the only nonzero (finite) eigenspaces, whose the dimension is computed 
explicitly. Also, we give the explicit formula for their reproducing kernels. To do this, we 
begin by fixing a given positive integer I and considering the eigenprojector kernel of the 
L 2 -eigenspace A^' u (C n ) as given in Proposition 12.21 by (|2.6p . to wit 

mz,w)=e^ z ^QU\z-w\), 

with 

QT(I* " M) = ^w-^M n e-^ z ^\Fx(-l, n; v\z - w\ 2 ). 
1 (n)L\ 

Let /C^ r (z, w) be its associated (r, x)-automorphic kernel function. Then from the pre- 
vious section, we know that there is wo G C™ such that z i — > Kf.^ (z,wo) is a nonzero 
function on C n belonging to the space and furthermore to the eigenspace £p (Z). 
Thus, we assert 

Proposition 5.1. Assume the (RDQ) condition to be satisfied by the triplet (v, F, %). 
Then the eigenspace fp x (A) is a nonzero vector space if and only if A = I is a positive 
integer I = 0, 1, 2, • • • . 

Proof. We have to prove only the "only if". Indeed, it holds by applying iv) of Proposition 
to a given nonzero function if) £ £p (A) ^ {0}. □ 



The dimension formula of £p x (l), I = 0, 1, 2, • • • , is an immediate consequence of the 
following 

Proposition 5.2. Fix I = 0, 1, 2, • • • ane? /ei K^[p 6e i/ie integral operator on L/ asso- 
ciated with the (T ,x)-automorphic kernel function JCf. rx (z,w), 

K^^)](z)=f JC?. r Jz,w)^w)dm(w). (5.2) 

J JC n /7 

T/ien £/ie eigenvalues h[j; j = 0, 1, 2, • • • o/ K^! r are pwen explicitly by 



h. 



1 # j = 1 
l, i 1 otherwise 



Proof. According to Theorem 14,101 it follows that if h;j is an Lp ^-eigenvalue of K^! r 
then it is given through (I4.19P by 

ft, . = / Qf([u-|)iFi(-A;;n;^|u;| 2 )e-^ |u ' |2 dm(u;) 

= F w tP w^r / n; i/|«;| 2 )iFi(-fc; n; i/M^e""^^^) 

r(n)<! j cn 

for some (unique) positive integer k = kj. Next, by the use of the polar coordinates 
z = r9, r > 0, 9 G S 12 ™ -1 , the change of variable s = z/r 2 and the fact that the involved 
hypergeometric function \Fi(—j;c;x) for j € Z + is related to the orthogonal Laguerre 
polynomial L C j~ 1 (x) [11] page 333], 

lFl {-j ]C -x) = 4 77 ^L c r\x), 



r(j + c) 
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we get 

?2n-l 



vol{S Zn - L ) k\T(n) [ + °° rn _ lf , rn _ lr . n _! _ x , 
/i/,- = : - ^ ri I L? (x)L? L (x)x e dx. 

The above involved integral is known to be given by [HJ page 56], 



-%- x {x)I%-\x)x n - x e- x dx = T{l ^ n ^ 



Thus, since vol(5 2n x ) = 2ir n /T(n), we get hij = 5^, where 5^ denotes here the Kronecker 
symbol. □ 

Using the above result together with (|4.18h in Theorem 14,101 keeping in mind that 
Qi(0) = 1, one deduces easily the following 

Corollary 5.3. The function /C^ r (z,w) is the reproducing kernel of the eigenspace 
£p (I), that is 



f{z)= Kl v (z,w)f{w)dm(w) 
Jc n /r 

for every f € Therefore, we have 

T(n + l) 

/ CB/r -^.x— T(n)l\ ' 
Hence to complete the proof of the main theorem, we have only to prove the following 



dim£fy0 = / Kfc tX (z,z)dm(z) = -^-^(u/n) n vol(A(T)). 



Proposition 5.4. Under the (RDQ) condition, the functional space (C n ) defined by 
113. U|) is isomorphic to the fundamental space of (T,x)-ground states, £p (0). Precisely, 
f i — > g = ea' z ' / defines an isomorphism map from £p (0) onto 0p x (C n ). 

Proof. The assertion is a consequence of Proposition 15.21 combined with iii) of Corol- 
lary 13.101 Indeed, from the explicit obtained dimensional formulas, we deduce that 
dimOp x (C n ) = dimfp (0). Therefore, making the observation that 

for Or jX (C n ) C ker Af x = <8[££ x (0)], it follows also that 

O^ x (C") = kerA^ x -^ x (0). 

This completes the proof. □ 

Remark 5.5. According to the proof of the last proposition, we note that the space of 
holomorphic functions on C n satisfying the functional equation 

g{z + i) = x(i)e^ 2+u{z ^g{z) 

can be viewed as the null space of the differential operator 

- -d 2 d 

'X Z_/ OZjOZj J OZj 

acting on C°° functions onQ^ x - This means that the number of first order differential oper- 
ators defining such holomorphic functions reduces further to the single elliptic second order 
differential operator \' ^ uc ^ situation arise frequently in the theory of holomorphic 
functions. 
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6. Concluding remarks 

Using the notation of Section 3 (the Table there) and assuming the (RDQ) condition 
to be satisfied, we see that the main theorem can be reworded in terms of the spectral 
properties of the differential operator 

acting on the Hilbert space Bb v = ' ^ r endowed with the Hermitian inner product 

((0i,<fc)> r = / gi(z)Uz)e- u \ z \ 2 dm{z). (6.1) 
Jc n /v 

Namely, we have the following Hilbertian orthogonal decomposition 

oo 

S rf x = ©£/(Ar iX ), 

1=0 

where Ei(A^ ), I = 0, 1, • • • , are the eigespaces defined by 

E l (Al x ) = {geg^ x] Al x g = vlg}. 

According to the proof of ii) of the main theorem, the eigenspace E (A^ ), correspond- 
ing to I = 0, is nothing but the space Op x (C n ) studied in Section 3. Thus, the space of 
holomorphic functions on C n , n > 1, satisfying fll.4jL can then be realized as the null space 
of the differential operator Ap on <5p v . Also, let note here that for v = it OS v (C n ) is 
called the space of T-Theta functions with respect to (H, x); H(z,w) = (z,w), and plays 
an important role in the theory of abelian varieties |10| , 

Now, since Op x (C n ) = Ker(Af ) and its dimension is given by 

dimOpyC n ) = (i//vr) n vol(C n /r), 

we may conclude this paper by asking if there is a some how canonical way for construction 
of an orthogonal basis of Op x (C") with respect to the Hermitian inner product (16, ip . We 
may address the same question for the other eigenspaces Ei(A^ x ), I = 0, 1, 2, • • • , whose 
the dimension is given by 

For the case n = 1 and I = 0, Professor Y. Hantout has communicated to us the 
construction of a canonical orthogonal basis of (Op X (C), ((•, -)) r ) expressed in terms 
of some Jacobi Theta functions in one variable z. We hope to handle the general case 
Op x (C n ; H) in a near future. 
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